Abstract. Moduli spaces of stable objects in the derived category of a K3 surface provide a large class of holomorphic symplectic varieties. In this paper, we study the interplay between Chern classes of stable objects and zero-cycles on holomorphic symplectic varieties which arise as moduli spaces.
varieties which arise as moduli spaces in the derived category. We search for a filtration envisioned by Beauville and Voisin on the CH 0 -group of the moduli space, suggesting that it should come from the derived category.
Aspects of derived categories, moduli spaces, and algebraic cycles are brought together. 0.1. Zero-cycles on K3 surfaces. Let X be a nonsingular projective K3 surface. In [8] , Beauville and Voisin proved that X carries a canonical 0-cycle class of degree 1,
where o X can be taken any point lying on a rational curve in X. It has the remarkable property that all intersections of divisor classes in X, as well as the second Chern class of X, lie in Z · [o X ].
In [22] , O'Grady introduced an increasing filtration S • (X) on CH 0 (X),
where S i (X) is the union of [z]+Z·[o X ] for all effective 0-cycles z of degree i.
In particular, we have
An alternative characterization of S • (X) via effective orbits is given by Voisin in [28] .
Derived categories.
Let D b (X) denote the bounded derived category of coherent sheaves on X. Given an object E ∈ D b (X), we write
for the Mukai vector of E, and define
He verified the conjecture again under certain assumptions on the Picard rank of X and/or on the Mukai vector v(E) . Further, in [28] , Voisin proved (a generalization of) the conjecture for any simple vector bundle E on X. Our first result completes the proof of O'Grady's conjecture and generalizes it to arbitrary objects in D b (X).
Theorem 0.1. For any object E ∈ D b (X), we have c 2 (E) ∈ S d(E) (X).
Note that Theorem 0.1 does not involve any stability condition and should be viewed as a statement purely on the derived category D b (X). However, the proof uses (slope) stability and ultimately relies on Voisin's proof of the vector bundle case.
Theorem 0.1 has an important consequence. Let S • (X) be the extension of O'Grady's filtration to the Chow ring CH * (X) by the trivial filtration on CH 0 (X) and CH 1 (X). In particular, we have
which is the Beauville-Voisin ring of X generated by divisor classes. Let
be a derived equivalence between two nonsingular projective K3 surfaces. It induces an isomorphism of (ungraded) Chow groups
We have the following generalization of Huybrechts' result in [13] that Φ CH preserves the Beauville-Voisin ring. The generality of Theorem 0.1 also suggests a natural increasing filtration on D b (X),
where S i (D b (X)) consists of objects E ∈ D b (X) with c 2 (E) ∈ S i (X). By Corollary 0.2, this filtration does not depend on the K3 surface X and is "intrinsic" to the triangulated category D = D b (X).
0.3. Moduli spaces of stable objects. The work of Bridgeland [9, 10] and Bayer-Macrì [3, 4] provides a large class of holomorphic symplectic varieties 4 of K3 [d] -type. They are given as moduli spaces of objects in D b (X) satisfying certain stability conditions. Let
be a primitive algebraic class with Mukai self-intersection v 2 > 0. In [10] , Bridgeland described a connected component Stab † (X) of the space of stability conditions on D b (X), which admits a chamber decomposition depending on v. When σ ∈ Stab † (X) is a generic 5 stability condition with respect to v,
and is holomorphic symplectic by the pairing
When σ is in the chamber corresponding to the large volume limit, the moduli space M σ (v) recovers the moduli space of Gieseker-stable sheaves with respect to a generic polarization H on X.
The following result relates the second Chern classes of objects in M σ (v) to the corresponding point classes on M σ (v). It was proposed as a conjecture in the first version of this paper, and later shown to hold by Marian and the third author.
Theorem 0.3 ([20]). Two objects
0.4. Beauville-Voisin filtration for zero-cycles. Our study of 0-cycles on the moduli spaces M σ (v) is motivated by the Beauville-Voisin conjecture for holomorphic symplectic varieties. The conjecture predicts that the Chow ring (with rational coefficients) of a holomorphic symplectic variety admits a multiplicative decomposition; see [6, 27, 29] . Another way to phrase it is the existence of a new filtration on the Chow ring which is opposite to 4 They are also referred to as irreducible holomorphic symplectic varieties, or equivalently, hyper-Kähler varieties following [5] . In this paper, we emphasize the holomorphic symplectic point of view. 5 The word "generic" means away from the walls. 6 By Riemann-Roch and Serre duality, we have
the conjectural Bloch-Beilinson filtration. Recently, rather than proving consequences of the Beauville-Voisin conjecture, much effort has been put to construct this new filtration, which we shall call the Beauville-Voisin filtration.
In the case of a moduli space M σ (v), our previous discussion suggests a natural candidate of the Beauville-Voisin filtration on the Chow group CH 0 (M σ (v)) of 0-cycles. It is simply given by the restriction of the filtration
). More concretely, we have an increasing filtration
where
An immediate consequence of Theorem 0.1 is
where 2d(v) = v 2 + 2 is the dimension of M σ (v). Moreover, by an argument in [22] , the subset
equals the full subset of S d(v) (X) of the given degree. In particular, we have
In other words, the moduli space M σ (v) carries a canonical 0-cycle class of degree 1, which matches the predictions of the Beauville-Voisin conjecture. We also show that the filtration S • CH 0 is independent of birational models or modular interpretations. Hence S • CH 0 is "intrinsic" to M = M σ (v) as a moduli space of stable objects in the triangulated category
preserves the filtration S • CH 0 .
In [29] , Voisin proposed a filtration on CH 0 (M ) for any holomorphic symplectic variety M of dimension 2d. Given a (closed) point x ∈ M , consider the orbit of x under rational equivalence
It is a countable union of constant cycle subvarieties. 7 We write dim O x for the maximal dimension of these subvarieties. There is an increasing filtration The following result constructs algebraic coisotropic varieties and connects the filtrations 
0.5. Special cubic fourfolds. Special cubic 4-folds are first introduced by Hassett in [12] as elements lying in certain Noether-Lefschetz divisors of the moduli space. They have K3 surfaces associated to them via either Hodge theory or derived categories; see [1, 12, 17] . We focus on the case of a generic cubic 4-fold Y containing a plane, which lies in the divisor C 8 of the moduli space in the sense of Hassett [12] . A canonical K3 surface X of degree 2 is constructed and associated to Y by Kuznetsov in [17] . On the other hand, let F denote the Fano variety of lines in Y . It is well-known since [7] that F is holomorphic symplectic of K3 [2] type. In [19] , Macrì and Stellari realized F as a moduli space of stable objects in the bounded derived category of twisted coherent sheaves D b (X, α), where α is an element in the Brauer group of X of order 2. In particular, the Fano variety F is not birational to the Hilbert scheme of 2 points on a K3 surface.
The following is an analog of Theorem 0.3 for the Fano varieties of such special cubic 4-folds. 7 A constant cycle subvariety is a subvariety whose points all share the same class in the CH0-group of the ambient variety; see [14, 29] . 
if and only if
Our construction of C Y uses the motivic decomposition of F as obtained by Shen and Vial in [25] , plus the geometry of a uniruled divisor in F . Since F is isomorphic to a moduli space of stable objects in D b (X, α), we expect C Y to be realized geometrically as (the dimension 0 part of) a natural characteristic class of twisted sheaves. 0.6. Conventions. Throughout, we work over the complex numbers C. All varieties are assumed to be (quasi-)projective, and K3 surfaces are nonsingular and projective. Equivalences of triangulated categories are C-linear. 0.7. Acknowledgements. We are grateful to Daniel Huybrechts for inspiring the present form of this paper, and to Claire Voisin for a discussion related to Section 4.2. We also thank Arend Bayer, Zhiyuan Li, Hsueh-Yung Lin, Emmanuele Macrì, Alina Marian, Rahul Pandharipande, and Ulrike Rieß for their interest and for useful discussions. J. S. was supported by grant ERC-2012-AdG-320368-MCSK in the group of Rahul Pandharipande at ETH Zürich.
Chern classes and O'Grady's filtration
In this section, we prove Theorem 0.1 and Corollary 0.2.
1.1. Preliminaries. We first list a few useful facts. Let X be a K3 surface.
Proof. By the distinguished triangle, we have
where D is spanned by intersections of divisor classes. Hence D ∈ S 0 (X) by [8] and the statement follows immediately from Lemma 1.1.
We will need the following generalization of a lemma of Mukai [21, Corollary 2.8].
Lemma 1.3 ([2, Lemma 2.5]). Let
The following is a direct consequence of Corollary 1.2 and Lemma 1.3.
We also recall the theorems of Huybrechts and Voisin which serve as the starting point of our proof. 
Theorem 1.6 ([28, Theorem 1.9]). If E is a simple vector bundle on X, then
1.2. Slope-stable sheaves. From now on, we fix a polarization H on X.
The slope of a torsion-free sheaf E with respect to H is
) for all subsheaves F ⊂ E with rank(F) < rank(E). A µ-stable sheaf is Gieseker-stable (see [16] ), but the converse is not true.
The following proposition proves Theorem 0.1 for µ-stable sheaves.
Proposition 1.7. If E is torsion-free and µ-stable on (X, H), then
Proof. The double dual E ∨∨ of E is locally free. There is a short exact sequence of sheaves
where Q is a 0-dimensional sheaf whose support is of length l. A direct calculation yields d(Q) ≥ l and
Now since E is µ-stable, the double dual E ∨∨ is also µ-stable and hence simple. Applying Theorem 1.6, we find
Consider (1) as a distinguished triangle
Since Q is 0-dimensional and E ∨∨ is locally free, we have
We continue to treat sheaves which can be obtained as iterated extensions of µ-stable sheaves.
Recall that the Mukai vector of a sheaf E on X is
By Riemann-Roch and Serre duality, we have
where the left-hand side is the Mukai self-intersection.
Proposition 1.8. Let F be torsion-free and µ-stable on (X, H). If E is an iterated extension of F, then
Proof. Assume that E contains m F-factors. Then we have
where D is spanned by intersections of divisor classes and hence lies in S 0 (X). Combining Lemma 1.1 and Proposition 1.7, we find (2), we see that c 2 (E) ∈ S 0 (X), and hence the statement holds.
We may focus on the case v(F) 2 ≥ 0. Then we have
where we use that F is simple in the last equality. In this case the proposition follows from (3).
1.3. Torsion-free sheaves. The next step is to prove Theorem 0.1 for arbitrary torsion-free sheaves.
The following proposition provides a nice splitting of a µ-semistable vector bundle.
Proposition 1.9. Let E be a µ-semistable vector bundle on (X, H). There exists a short exact sequence of sheaves
with the following properties:
Proof. We only need to consider the case when E is not µ-stable. First, we can always find a µ-stable sub-vector bundle F ⊂ E with µ(F) = µ(E). The construction goes as follows. Let F 0 be any µ-stable subsheaf of E with µ(F 0 ) = µ(E). The double dual F = F ∨∨ 0 is both µ-stable (of the same slope) and locally free, which admits a nontrivial map
The map i is injective according to the stability condition. Hence we obtain a short exact sequence of sheaves
Claim. The quotient sheaf G 0 is torsion-free and µ-semistable.
Proof of the Claim. The stability condition ensures that the torsion part of G 0 is at most 0-dimensional. Now assume that there is a short exact sequence of sheaves
with T a nontrivial 0-dimensional sheaf and G F 0 torsion-free. We have a surjective map E → G F 0 given by E → G 0 → G F 0 with kernel F ′ . It follows that F ′ is a nontrivial extension of the 0-dimensional sheaf T by the vector bundle F, which is a contradiction. This shows that G 0 is torsion-free.
Since µ(G 0 ) = µ(F), the µ-semistability follows from a standard argument by considering quotients of G 0 and comparing slopes.
If Hom(F, G 0 ) = 0, then we are done by setting M = F and G = G 0 , and (5) gives the desired exact sequence. Otherwise, there exists a nontrivial map
which must be injective according to the stability condition. We define G 1 to be the quotient G 0 /F. The same argument as in the Claim implies that G 1 is torsion-free and µ-semistable. Hence we obtain a short exact sequence of sheaves
where F 1 is a self-extension of F.
If Hom(F 1 , G 1 ) = 0, we can continue this process until we reach the desired exact sequence (4). Remark 1.10. One may expect a similar splitting for any µ-semistable sheaf via the Jordan-Hölder filtration (for slope stability). However, the difficulty is that there exist nontrivial morphisms between nonisomorphic µ-stable sheaves with the same slope. For example, there is the inclusion
with I Z the ideal sheaf of a 0-dimensional subscheme Z ⊂ X. Here we use a µ-stable locally free factor F to avoid this trouble.
Proposition 1.11. If E is a torsion-free sheaf on X, then
Proof. We proceed by induction on the rank of E. If rank(E) = 1, then E is µ-stable, and Proposition 1.7 gives the base case of the induction. Now assume that E is torsion-free of rank r > 0. If E is not µ-semistable, then by the Harder-Narasimhan filtration (for slope stability), we have a short exact sequence of sheaves 0 → F → E → G → 0.
Here F and G are nonzero and torsion-free, and the slope of every µ-stable factor of F is greater than the slope of any µ-stable factor of G. In particular, we have rank(F) < rank(E), rank(G) < rank(E), and Hom(F, G) = 0. The induction hypothesis yields
Applying Proposition 1.4, we find c 2 (E) ∈ S d(E) (X).
It remains to treat the case when E is µ-semistable. By the same argument as in Proposition 1.7, it suffices to prove Theorem 0.1 for E ∨∨ , which is a µ-semistable locally free sheaf satisfying rank(E) = rank(E ∨∨ ).
Hence we may assume E to be µ-semistable and locally free. We apply Proposition 1.9 to E. Either E is an iterated extension of some µ-stable sheaf F, or the extension (4) is nontrivial. In the first case, the statement of the proposition holds by Proposition 1.8. In the second case, the induction hypothesis and Proposition 1.4 complete the proof.
1.4. Torsion sheaves. Theorem 0.1 for torsion sheaves is essentially proven in [22] . We begin by recalling the following criterion of O'Grady. 
Let E be a pure 1-dimensional torsion sheaf on X with Mukai vector
By Lemma 1.12, we have at worst
where g = 1 2 l 2 + 1 is the arithmetic genus of the support curve of E. On the other hand, we find
Hence for any pure 1-dimensional sheaf E, we have c 2 (E) ∈ S d(E) (X). Now we can prove Theorem 0.1 for arbitrary sheaves.
Proof. Given a torsion sheaf T , there is a short exact sequence of sheaves
where T 0 is 0-dimensional and T 1 is pure and 1-dimensional. Clearly
By the discussion above, we have
Applying Proposition 1.4, we find c 2 (T ) ∈ S d(T ) (X) which proves the statement for torsion sheaves. Let E be an arbitrary sheaf. There is a short exact sequence of sheaves
with T torsion and F torsion-free. In particular, we have Hom(T , F) = 0. Since the statement of the proposition holds for both T and F, we conclude by Proposition 1.4 that c 2 (E) ∈ S d(E) (X).
Proof of Theorem 0.1 and Corollary 0.2. Given a bounded complex E ∈ D b (X), we define its length by
ℓ(E) = max{|i − j| : h i (E) = 0, h j (E) = 0}.
Clearly ℓ(E) = 0 if and only if E is a (shifted) sheaf.
Proof of Theorem 0.1. We proceed by induction on ℓ(E). Proposition 1.13 provides the base case of the induction. Now consider a bounded complex E ∈ D b (X). Let m be the largest integer such that h m (E) = 0. There is a standard distinguished triangle
Here G is the shifted sheaf h m (E)[−m] and F ∈ D b (X) is the truncated complex τ ≤m−1 E which satisfies
ℓ(F) < ℓ(E).
By the induction hypothesis, we have
Since F is concentrated in degrees < m and G in degree m, we have Hom(F, G) = 0. Applying Proposition 1.4, we find c 2 (E) ∈ S d(E) (X). The proof of Theorem 0.1 is complete.
Let X and X ′ be two K3 surfaces. Suppose there is a derived equivalence
with Fourier-Mukai kernel F ∈ D b (X × X ′ ). The induced isomorphism of (ungraded) Chow groups
is given by the correspondence
Recall the following theorem of Huybrechts and Voisin. 
Since Φ CH preserves the Beauville-Voisin ring by Theorem 1.14, it suffices to show that for any effective 0-cycle z = x 1 + · · · + x i , we have
Further, we may assume
Let E be the direct sum of skyscraper sheaves
Then c 2 (E) = [z] and d(Φ(E)) = d(E) = i. Applying Theorem 0.1, we find
which implies (6).
Moduli spaces of stable objects
In this section, we discuss the Beauville-Voisin conjecture in the case of moduli spaces of stable objects. We prove Proposition 0.4 and Theorem 0.5.
Independence of modular interpretations.
The proof of Proposition 0.4 uses Bayer and Macrì's work [3, 4] on the birational transforms of moduli spaces of stable objects.
Let X be a K3 surface. Recall that given a primitive Mukai vector 9 v with v 2 > 0, and a generic stability condition σ ∈ Stab † (X) with respect
Bayer and Macrì realized all holomorphic symplectic birational models of M σ (v) as other moduli spaces of stable objects. Their following theorem describes the procedure concretely. 8 Here the square root is taken with respect to the canonical classes [oX ] ∈ CH0(X) and [o X ′ ] ∈ CH0(X ′ ); see [13] . 9 In this section we always assume v 2 > 0, so that the moduli space Mσ(v) is of dimension > 2. This assumption is crucial in Theorem 2.1. See Section 4.1 for a discussion of the dimension 2 case. 
which sends v to v ′ and induces an isomorphism
10
It is well-known that the CH 0 -group is invariant under birational transforms of nonsingular projective varieties.
11 The statement can be made slightly more precise.
Lemma 2.2. Let f : V V ′ be a birational map between nonsingular projective varieties, and let
be the induced isomorphism of Chow groups. Then for any point x ∈ V , there exists a point x ′ ∈ V ′ such that
Proof. Consider a resolution
with V nonsingular and projective. Then f * is realized as q * p * . By weak factorization, both p and q can be taken a sequence of blow-ups and blowdowns with nonsingular centers. We are reduced to the case of a blow-up, for which the statement is obvious.
induces a birational map
10 Here Σ sends an object E ∈ U to Φ(E ) ∈ U ′ . 11 In [23] , Rieß proved that birational holomorphic symplectic varieties have isomorphic Chow rings.
which identifies two nonempty open subsets
By further composing with RHom(−, O X ), we may assume that Φ is a derived equivalence.
Let E be an object in M σ (v). By Lemma 2.2, there exists an object F in
Lemma 2.3. With the notation above, for any pair of objects
Proof. Since any class in CH 0 (M σ (v)) is supported on U , we may write
for some E j ∈ U . By the (quasi-)universal family on M σ (v) × X, we have
On the other hand, it is clear from the definition that
By the (quasi-)universal family on
Combining (8) and (9) and using the commutative diagram
Proof of Proposition 0.4. Let E be an object in M σ (v) such that
Equivalently, we have
By Lemma 2.2, there exist an object
Applying Lemma 2.3, we find
Since Φ CH preserves the filtration S • by Corollary 0.2, we conclude that
or equivalently,
The proposition then follows from the definition of S • CH 0 .
The Beauville-Voisin filtration.
As stated in Theorem 0.5, we compare two proposed filtrations on the CH 0 -group of a moduli space of stable objects. Let X be a K3 surface, let M = M σ (v) be a moduli space of stable objects in D b (X) of dimension 2d = 2d(v), and let X [d] be the Hilbert scheme of d points on X. Consider the incidence
where Supp(ξ) is the support of ξ and c ∈ Z is a constant determined by the Mukai vector v. This incidence has already appeared in [22, 28] . A standard argument using Hilbert schemes shows that R is a countable union of Zariski-closed subsets of M × X [d] . Let
denote the two projections. By Theorem 0.3 for X [d] or an explicit calculation, all points on the same fiber of p M have the same class in CH 0 (X [d] ). Similarly, by Theorem 0.3 for M , all points on the same fiber of p X [d] have the same class in CH 0 (M ).
An important consequence of Theorem 0.1 is that p M is dominant. Then, by the argument in [22, Proposition 1.3] (see also [28, Corollary 3 .4]), we also know that p X [d] is dominant. More precisely, there exists a component R 0 ⊂ R which dominates both M and X [d] . Note that M and X [d] have the same dimension. For part (ii), let E be an object in M such that c 2 (E) ∈ S i (X). By definition, there exists a point ξ 0 ∈ X [i] satisfying
Applying Lemma 2.5 to ξ 0 ∈ X [i] , we may further assume that p M (φ ′ (Z ξ 0 ) ) is well-defined and is of dimension d − i.
By construction, the subvariety p M (φ ′ (Z ξ 0 )) consists of objects in M whose second Chern class equals c 2 (E). By Theorem 0.3, it is a subvariety of
Remark 2.6. Our proof relies on the Zariski density of subvarieties of maximal dimension in an orbit of X [d] . If one could prove such density for M , then an argument using [28, Theorem 2.1] would yield the other inclusion
Special cubic fourfolds
We prove Theorem 0.6 in this section. The proof uses the work of Shen and Vial in [25, Part 3] on the Chow motive of the Fano variety of lines in a cubic 4-fold.
3.1. The Shen-Vial decomposition. Let Y be a cubic 4-fold and let F be its Fano variety of lines. For our purpose, we shall restrict to the case of 0-cycles on F .
Given a general line l in Y ⊂ P 5 , there exists a unique plane P 2 l ⊂ P 5 which is tangent to Y along l. We have a proper intersection in P 5 ,
where l ′ is another line in Y . In [26] , Voisin introduced the rational map ϕ : F F of degree 16 which sends l to l ′ . Consider the action of ϕ on CH 0 (F ) via the push-forward (4) into eigenspaces of φ * with eigenvalues 1, −2, and 4 respectively.
Theorem 3.1 ([25, Theorem 21.9]). There is a decomposition
Define the incidence variety I ⊂ F × F to be 
By [25, 27] , the group CH 0 (F ) (0) is spanned by a canonical 0-cycle class of degree 1,
where o F can be taken any point lying on a rational surface in F . Moreover, all 0-dimensional intersections of divisor classes and Chern classes of F are multiples of [o F ]. The next lemma concerns the self-intersection of the surface S l .
Lemma 3.3. For a line l ⊂ Y , we have
Proof. If the point l ∈ F lies in the open subset where the rational map ϕ is well-defined, then ϕ * [l] = [ϕ(l)], and the statement is a special case of [25, Proposition 20.7 (i) ]. The same result for an arbitrary l ∈ F follows from a standard "spreading out" argument.
Now we prove the main result of this subsection. For a line l ⊂ Y , the decomposition in Theorem 3.1 yields
Theorem 3.4. Two lines l and l
Proof. We only need to prove the "if" part. The decomposition (11) for [l] and [l ′ ] gives (4) .
Applying Theorem 3.1, we find
On the other hand, by Proposition 3.2, the condition (12) implies that 
Combining (13) and (14), we find [l] = [l ′ ] ∈ CH 0 (F ) Q , and we conclude by Roȋtman's theorem [24] that
3.2. Cubic fourfolds containing a plane. Let Y be a generic cubic 4-fold which contains a plane P 2 ⊂ P 5 . We first review the construction of the K3 surface associated to Y in [17, Section 4] . Let Y ⊂ Bl P 2 (P 5 ) denote the 4-fold obtained by blowing up the plane P 2 in Y . The rational map Y P 2 given by the linear projection from P 2 ⊂ Y induces a morphism
which is a quadric fibration. We call l ⊂ Y a line if it is either a line in the exceptional divisor over Y or the strict transform of a line in Y . We define M to be the moduli space of lines in Y contained in the fibers of f . Since f is a quadric fibration, the moduli space M admits a natural structure of a P 1 -bundle over a K3 surface X which is a double cover of P 2 ramified along a plane sextic C. Note that the genericity of Y ensures that both C and X are nonsingular.
The construction of M provides a rational map 
X
The map r induces a morphism of Chow groups
whose image is given by the classes of 0-cycles supported on D.
Proposition 3.5. We have
Proof. It is proven in [11, Theorem 1.2] that the Chow subgroup of 0-cycles supported on a uniruled divisor in a holomorphic symplectic variety of K3 [d] type is independent of the choice of the uniruled divisor. Hence it suffices to verify the statement for a particular uniruled divisor in F . In fact, the exceptional divisor of a desingularization of the rational map ϕ : F F maps to a uniruled divisor in F ; see [29, Proposition 4.4 (b) ]. This uniruled divisor satisfies the proposition by [25, Proposition 19.5] ; see also [29, (44) ].
Since q is a P 1 -bundle, there is an isomorphism of Chow groups
Recall the Beauville-Voisin decomposition
The following result provides a link between 0-cycles on the Fano variety of lines F and the associated K3 surface X. Theorem 3.6. Let Y be a generic cubic 4-fold containing a plane, and let F and X be as before. There is a canonical isomorphism
Proof. We first prove the isomorphism (16) . By Theorem 3.1, Proposition 3.5, and the isomorphism (15) , it suffices to show the injectivity of
For convenience, we work with the moduli space of lines in the 4-fold Y and denote it by F . Then F is birational to F and M is a divisor in F , r : M ֒→ F .
Since CH 0 ( F ) is canonically isomorphic to CH 0 (F ), we prove instead the injectivity of r * :
The Chow group CH 0 (M) is spanned by the classes of lines lying in nonsingular quadric fibers of f : Y → P 2 . Let l 1 , . . . , l k ∈ M be a collection of such lines. Assume that they satisfy a nontrivial relation
We need to show that (17) also holds in CH 0 (M) Q . Equivalently, we will prove the relation
By abuse of notation, we also write [l i ] ∈ CH 1 ( Y ) for the 1-cycle class of the line l i in Y . Applying the natural correspondence given by the incidence variety in F × Y , we find that the relation (17) holds in CH 1 ( Y ) Q .
Consider the incidence variety
with the projections
We see from the definition that p M is a P 1 -bundle and p Y is a double cover. There is a correspondence
Further, let τ : X → X be the involution exchanging the two sheets of the double cover X → P 2 .
Claim. Let l ∈ M be a line lying in a nonsingular quadric fiber Q of
Proof of the Claim. By construction, the preimage p The injectivity of r * : CH 0 (M) Q → CH 0 ( F ) Q is a direct consequence of the Claim. In fact, starting from the relation (17) in CH 1 ( Y ) Q , we intersect the class Γ( k i=1 a i [l i ]) with a relative ample divisor of q : M → X and push it forward to X. By the Claim above, we find the vanishing of a 0-cycle class on X, which is a multiple of
This proves (18) , since τ * is an involution.
Finally, we verify the second part of the theorem. It suffices to prove that r * sends the class of a point on M, which represents the canonical class [o X ] on X via (15) , to the canonical class [o F ] on F .
We choose x ∈ M such that r is well-defined at x and that q(x) ∈ X lies on a rational curve R ⊂ X. Hence [q(x)] = [o X ] ∈ CH 0 (X) by [8] . Then x lies on the rational surface q −1 (R) whose image under r is a 2-dimensional constant cycle subvariety in F . By [29, is constructed as the projection to the first factor in the decomposition (16) .
More concretely, for α ∈ CH 0 (F ) Q , Theorem 3.6 implies that there exists a unique 0-cycle class β ∈ CH 0 (D) Q whose image on F is the projection of α to CH 0 (F ) (0) ⊕ CH 0 (F ) (2) .
Then C Y (α) is the push-forward of β to CH 0 (X) Q via the map D X. Let l and l ′ be two lines in Y . By Theorem 3.6, we know that
if and only if [l] (2) = [l ′ ] (2) ∈ CH 0 (F ) (2) .
Part (ii) of Theorem 0.6 then follows from Theorem 3.4.
The following corollary is a byproduct of Theorems 0.6 and 3.6. A positive answer to Question 4.2 for X [d] is then equivalent to the statement that γ ∈ S i (X) if and only if γ ×(i+1) = 0 ∈ CH 0 (X i+1 ).
The latter is a new characterization of O'Grady's filtration S • (X) proposed by Voisin.
